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ORBIT EQUIVALENCE AND TOPOLOGICAL CONJUGACY OF
AFFINE ACTIONS ON COMPACT ABELIAN GROUPS
SIDDHARTHA BHATTACHARYA
1. Introduction
For a topological group Γ, by a Γ-flow we mean pair (X, ρ), where X is a
topological space and ρ is a continuous action of Γ on X . For any two Γ-flows
(X, ρ) and (X
′
, σ), a continuous map f : X → X
′
is said to be Γ-equivariant
if f ◦ ρ(γ) = σ(γ) ◦ f, ∀γ ∈ Γ. Two Γ-flows (X, ρ) and (X
′
, σ) are said to be
topologically conjugate if there exists a Γ-equivariant homeomorphism f : X →
X
′
and they are said to be orbit equivalent if there exists a homeomorphism
f : X → X
′
which takes orbits under ρ to orbits under σ.
When X,X
′
are topological groups, an affine map from X to X
′
is a map of
the form x 7→ c θ(x), where c ∈ X
′
and θ is a continuous homomorphism from X
to X
′
. A Γ-flow (X, ρ) is said to be affine if for all γ in Γ, ρ(γ) is an affine map.
(X, ρ) is said to be an automorphism flow (resp. a translation flow ) if each ρ(γ),
γ ∈ Γ, is an automorphism on X (resp a translation on X). (X, ρ) and (X
′
, σ)
are said to be algebraically conjugate if there exists a continuous isomorphism
θ : X → X
′
such that θ ◦ ρ(γ) = σ(γ) ◦ θ ∀γ ∈ Γ.
In this note we prove certain results concerning classification of affine flows on
compact connected metrizable abelian groups, upto orbit equivalence and topo-
logical conjugacy.
We will denote by S1 the usual circle group. For any locally compact abelian
group G, we denote by Ĝ the dual group of G. For a compact connected metriz-
able abelian group G, we denote by L(G) the topological vector space consisting
of all homomorphisms from Ĝ to R, under pointwise addition and scalar multi-
plication and the topology of pointwise convergence. We define a map E from
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2L(G) to G by the condition
(φ ◦ E)(p) = e2piip(φ) ∀p ∈ L(G), φ ∈ ̂G.
From the defining equation it is easy to see that E is a continuous homomor-
phism from L(G) to G. The kernel of E can be identified with the set of all
homomophisms from ̂G to Z; it is a totally disconnected subgroup of L(G). Note
that using the duality theorem we can realise L(G) with set of all one-parameter
subgroups of G and E with the map α 7→ α(1). In particular when G is a torus,
L(G) can be identified with Rn, the Lie algebra of G, and E can be identified
with the standard exponential map. However, in general E is not surjective, e.g
for G = ̂Q, where Q is the group of rational numbers equipped with discrete
topology, L(G) is isomorphic to R and consequently E is not surjective.
Now let Γ be a discrete group and (G, ρ) be an affine Γ-flow on G. Note that ρ
induces an automorphism flow ρa and a map ρt : Γ→ G defined by
ρ(γ)(x) = ρa(γ)(x) ρt(γ) ∀x ∈ G.
We define an automorphism action ρ∗ of Γ on L(G) by
ρ∗(γ)(p)(φ) = p(φ ◦ ρa(γ)) ∀φ ∈ Ĝ, γ ∈ Γ.
In [ 1 ] and [ 2 ] it was proved that any topological conjugacy between two ergodic
automorphisms of n-torus is affine. In [ 8 ] this was generalized to certain class
of affine transformations on compact connected metrizable abelian groups. Here
we prove the following
Theorem 1 : Let Γ be a discrete group and G and H be compact connected
metrizable abelian groups. Let ρ, σ be affine actions of Γ on G and H respectively.
Let f : G → H be a Γ-equivariant continuous map. Then there exist c ∈ H, a
continuous homomorphism θ : G → H and a continuous map S : G → L(H)
such that
a) S(e) = 0 and for all x in G, the orbit of S(x) under σ∗ is bounded.
b) f(x) = c θ(x)(E ◦ S)(x), ∀x ∈ G.
Moreover if ρ and σ are automorphism actions then S is a Γ-equivariant map
3from (G, ρ) to (L(H), σ∗).
We show that under various additional conditions S can be concluded to be
identically 0, which means that f is affine. This will be shown to be the case, for
instance, if the Γ-action on H is expansive (see corollary 1), see also Corollary 2
and Remark 1 for other applications of the theorem.
In section 3 we classify translation flows upto orbit equivalence and topological
conjugacy (in the continuous and discrete parameter cases respectively). Firstly,
for one-parameter flows of translations, generalizing a classical result in the case
of tori (see [ 3 ]) we prove the following
Theorem 2 : Let G and H be compact connected metrizable abelian groups
and α and β be one-parameter subgroups of G and H respectively. Then the
translation flows on G and H induced by α and β respectively are orbit equivalent
if and only if there exist a continous isomorphism θ : G → H and a nonzero
c ∈ R such that θα(t) = β(ct) ∀t ∈ R.
We will also prove the following result which previously seems to have been noted
only for ergodic translations (see [ 2 ]).
Theorem 3 : Let G, H be two compact connected metrizable abelian groups and
ρ, σ be two translation flows of a discrete group Γ on G and H respectively. Then
(G, ρ) and (H, σ) are topologically conjugate if and only if they are algebraically
conjugate.
2. Rigidity of affine actions
In this section we freely use various results from duality theory of locally com-
pact abelian groups; the reader is referred to [ 5 ] for details. We will also use
the following result due to VanKampen; for a proof see [ 2 ], [ 7 ].
Theorem (VanKampen) Let G be a compact connected metrizable abelian group
and f : G → S1 be a continuous map. Then there exist c ∈ S1, φ ∈ ̂G and a
4continuous map h : G→ R such that
h(0) = 0 , f(x) = c φ(x) e2piih(x) ∀x ∈ G.
Moreover c, φ and h are uniquely defined.
Now for any two groups G,H and any continuous map f : G → H we will
define a continuous homomorphism θ(f) : G→ H as follows. For each character
φ of H let cφ ∈ S
1, ̂θ(φ) ∈ ̂G and fφ : G→ R be such that
fφ(0) = 0 , φ ◦ f(x) = cφ ̂θ(φ)(x) e
2piifφ(x) ∀x ∈ G;
note that by VanKampen’s theorem there exist cφ, ̂θ(φ) and fφ satisfying the
conditions and they are unique. From the uniqueness one can deduce that φ 7→
̂θ(φ) is a homomorphism from Ĥ to Ĝ. By the duality theorem there exists a
continuous homomorphism θ(f) : G→ H such that
̂θ(φ) = φ ◦ θ(f) ∀φ ∈ Ĥ.
Using the uniqueness part of VanKampen’s theorem it is easy to see that
i) If f is a continuous homomorphism then θ(f) = f .
ii) If f : G1 → G2 and g : G2 → G3 be two continuous maps then
θ(g ◦ f) = θ(g) ◦ θ(f).
The following corollary of VanKampen’s theorem is essentially due to Arov (see
[ 2 ]) .
Proposition 1 : Let Γ be a discrete group and ρ : Γ → Aut(G) and σ :
Γ → Aut(H) be automorphism actions of Γ on G and H respectively. Then ρ
and σ are topologically conjugate if and only if they are algebraically conjugate.
Proof : Let f be a topological conjugacy between ρ and σ. Using i) and ii)
we see that
θ(f) ◦ ρ(γ) = σ(γ) ◦ θ(f) ∀γ ∈ Γ.
Since f is a homeomorphism, it follows that θ(f) is an isomorphism. Hence ρ
and σ are algebraically conjugate.
5The following lemma generalizes of VanKampen’s theorem.
Lemma 1 : Let G, H be two compact connected metrizable abelian groups
and f be a continuous map from G to H. Then there exist c ∈ H, a continu-
ous homomorphism θ : G → H and a continuous map S : G → L(H) such that
S(0) = 0 and f(x) = c θ(x)(E◦S)(x), ∀x ∈ G. Moreover c, θ and S are unique.
Proof : For each character φ of H define cφ ∈ S
1, θ
′
(φ) ∈ Ĝ and fφ : G → R
by the condition
fφ(0) = 0 , φ ◦ f(x) = cφ θ
′
(φ)(x) e2piifφ(x) ∀x ∈ G;
note that by VanKampen’s theorem there exist uniquely defined cφ, θ
′
(φ) and fφ
satisfying the condition. From the uniqueness it follows that
fφψ = fφ + fψ , fφ−1 = −fφ.
Define S : G → L(H) by S(x)(φ) = fφ(x). Since each fφ is continuous, S is
continuous. Similarly using uniqueness of cφ we see that the map φ 7→ cφ is a
homomorphism from Ĥ to S1. By the duality theorem there exists c ∈ H such
that cφ = φ(c) ∀φ ∈ Ĥ . Also putting θ = θ(f) we see that θ
′
(φ) = φ◦θ, ∀φ ∈ Ĥ .
Hence for all x ∈ G and φ ∈ ̂H, we have
φ ◦ f(x) = cφ θ
′
(φ)(x) e2piifφ(x) = φ(c) (φ ◦ θ)(x) (φ ◦ E ◦ S)(x).
Since characters separate points, f(x) = c θ(x)(E ◦ S)(x), ∀x ∈ G. Using
VanKampen’s theorem we see that for a fixed φ ∈ Ĥ, φ(c), φ ◦ θ and the map
x 7→ S(x)(φ) are determined by the equation
(φ ◦ f)(x) = φ(c) (φ ◦ θ)(x) e2piiS(x)(φ).
Hence c, θ and S are unique.
Proof of Theorem 1 : Suppose f = c θ(E ◦ S) where c, θ and S are as
in Lemma 1. Fix any γ ∈ Γ. Note that for all x ∈ G,
f ◦ ρ(γ)(x) = c1 θ1(x)(E ◦ S1)(x),
6where c1 = f ◦ρ(γ)(e), θ1 = θ ◦ρa(γ) and S1(x) = S ◦ρ(γ)(x)−S ◦ρ(γ)(e). Also
for all x ∈ G,
σ(γ) ◦ f(x) = c2 θ2(x)(E ◦ S2)(x),
where c2 = σ(γ) ◦ f(e) , θ2 = σa(γ) ◦ θ and S2 = σ∗(γ) ◦ S. From the uniqueness
part of Lemma 1 it follows that S1 = S2 i.e.
S ◦ ρ(γ)(x)− S ◦ ρ(γ)(e) = σ∗(γ) ◦ S(x), ∀x ∈ G.
Since for a fixed x ∈ G the left hand side is contained in a bounded subset of
L(H), it follows that for all x in G, the σ∗-orbit of S(x) is bounded. Also it
is easy to see from the previous identity that when ρ and σ are automorphism
actions, S is a Γ-equivariant map.
When X is a topological group, (X, ρ) is said to be expansive if there exists a
neighbourhood U of the identity such that for any two distinct elements x, y ∈ X
there exists a γ ∈ Γ such that ρ(γ)(x) ρ(γ)(y)−1 is not contained in U ; such a
neighbourhood is called an expansive neighbourhood. For various characteriza-
tions of expansiveness of automorphism actions on compact abelian groups the
reader is referred to [ 6 ].
Corollary 1 : Let Γ be a discrete group and G and H be compact connected
metrizable abelian groups. Let ρ, σ be affine actions of Γ on G and H respec-
tively such that (H, σ) is expansive. Then every Γ-equivariant continuous map
f : (G, ρ)→ (H, σ) is an affine map.
Proof : Since σ is expansive, σa is an expansive automorphism action on
H . We claim that for every nonzero point p ∈ L(H), the orbit of p under σ∗ is
unbounded. Suppose not. Choose a non-zero p and a compact set C ⊂ L(H)
such that orbit of p under σ∗ is contained in C. Since kernel of E is totally discon-
nected, there exists a sequence {ti} such that ti → 0 as i→∞ and E(tip) 6= e ∀i.
Let U be an expansive neighbourhood of e in H . Since e is fixed by σa, e is the
only element in G whose orbit under σa is contained in U . Since ti → 0, it is
easy to see that ∪ t−1i E
−1(U) = L(H). From the compactness of C it follows
that there exists n such that tnC ⊂ E
−1(U) i.e. E(tnC) ⊂ U . Since the orbit
of tnp under σ∗ is contained in tnC and E ◦ σ∗(γ) = σa(γ) ◦ E, ∀γ, this implies
7that orbit of E(tnp) under σ∗ is contained in U . This contradicts the fact that
E(tnp) 6= e.
Now suppose f = c θ(E ◦ S), where c, θ and S are as in Theorem 1. From
Theorem 1 and the previous argument it follows that S = 0 i.e. f is an affine
map.
For a set A we denote by |A| the cardinality of A.
Corollary 2 : Let Γ be a discrete group and G and H be compact connected
metrizable abelian groups. Let ρ, σ be automorphism actions of Γ on G and H
respectively such that
a ) {g ∈ G | |ρ(Γ)(g)| <∞} is dense in G.
b ) for any natural number k, the set {h ∈ H | |σ(Γ)(h)| = k} is
totally disconnected.
Then every continuous Γ-equivariant map f : (G, ρ)→ (H, σ) is an affine map.
Proof : Suppose f = c θ(E ◦ S), where c, θ and S are as in Theorem 1. Let
g ∈ G be such that the orbit of g under ρ is finite. Since S is Γ-equivariant by
Theorem 1, the orbit of S(g) under σ∗ is also finite. Since σ∗ is a linear action
on L(H) and E is a Γ-equivariant map from (L(H), σ∗) to (H, σ), the orbit of
E(tS(g)) under σ is finite for all t ∈ R. Now from b) it follows that S(g) = 0.
Since {g ∈ G | |ρ(Γ)(g)| <∞} is dense in G, S = 0 i.e. f is an affine map.
Remark 1 : It is easy to see that condition (a) as in corollary 2, holds when
G = T n for some n. Various other conditions under which the set of periodic
orbits of an automorphism action on a compact abelian group is dense, viz con-
dition (a) as in corollary 2 holds, are described in [ 4 ]. Condition (b) holds in
the case of H = T n if Γ contains an element acting ergodically; more generally
this holds for any finite dimensional compact abelian group H .
3. Classification of translation flows
Lemma 2 : Let G be a compact connected metrizable abelian group and
α be a one-parameter subgroup of G. Then there exists a p ∈ L(G) such that
8E(tp) = α(t) ∀t ∈ R.
Proof : For each φ ∈ Ĝ, we define αφ ∈ R by
φ ◦ α(t) = e2piiαφt ∀t ∈ R.
Since φ ◦ α is a continuous homomorphism from R to S1, αφ is well defined. We
define p ∈ L(G) by p(φ) = αφ ∀φ ∈ Ĝ. Fix any t ∈ R. From the defining equation
of E it follows that for all φ ∈ Ĝ,
φ ◦ E(tp) = e2piitp(φ) = e2piiαφt = φ ◦ α(t).
Since characters separate points, it follows that α(t) = E(tp) ∀t ∈ R.
The following lemma is needed to prove Theorem 2. The main idea of the Proof
is derived from [ 3 ].
Lemma 3 : Let G be a compact connected metrizable abelian group and
p, q ∈ L(G), with p 6= 0. Let f : R → L(G) be a bounded continuous function
such that
f(0) = 0 , {E( tp + f(t) ) | t ∈ R} = {E( tq ) | t ∈ R}.
Then p = cq for some nonzero c ∈ R.
Proof : First we will prove the special case when G = T 2, the two-dimensional
torus. After suitable identifications we have
L(G) = R2 , E(x1, x2) = Exp(x1, x2) = (e
2piix1, e2piix2).
Define a function d : R2 → R+ by
d(x) = distance between the point x and the line {tq | t ∈ R}
= inf {||y|| | x+ y = tq for some t ∈ R}.
By our hypothesis , for all t ∈ R , tp + f(t) = z + t
′
q for some t
′
∈ R, z ∈ Z2.
This implies
{d( tp+ f(t) ) | t ∈ R} ⊂ {d(z) | z ∈ Z2}
Since the map t 7→ d(tp+f(t)) is continuous, the left hand side is a connected sub-
set of R containing 0. Since the right hand side is countable, d(tp+f(t)) = 0, ∀t.
Since f is bounded this implies that d(tp) is bounded by a constant M , for all
9t ∈ R. Since distinct lines in R2 diverge from each other we conclude that p = cq
for some c 6= 0.
To prove the general case choose φ such that p(φ) 6= 0. For each ψ ∈ Ĝ define
h : G→ T 2 and h∗ : L(G)→ R2 by
h(x) = (φ(x) , ψ(x)) , h∗(r) = (r(φ) , r(ψ)).
Now for all r ∈ L(G),
h ◦E(r) = (φ ◦ E(r), ψ ◦ E(r)) , Exp ◦ h∗(r) = (e2piir(φ), e2piir(ψ)).
From the defining equation of E it follows that h◦E = Exp◦h∗. Define p
′
, q
′
∈ R2
and f
′
: G→ R2 by p
′
= h∗(p), q
′
= h∗(q) and f
′
= h∗ ◦ f . From our hypothesis
it follows that
{Exp(tp
′
+ f
′
(t)) | t ∈ R} = {Exp(tq
′
) | t ∈ R}
Now applying the special case we see that (p(φ), p(ψ)) = c (q(φ), q(ψ)) for some
nonzero real number c. Therefore q(φ) 6= 0 and, since ψ is arbitrary, p = c0q
where c0 = p(φ)/q(φ).
Proof of Theorem 2 : Let h be an orbit equivalence between the transla-
tion flows induced by α and β. Define f : G → H by f(x) = h(x)h(e)−1. Then
f(e) = e and it is easy to check that f is also an orbit equivalence. Suppose
f = θ(E ◦ S), where θ and S are as in Lemma 1. By Lemma 2 there exists
p, q in L(H) such that E(tq) = β(t) and E(tp) = θ(α(t)). Since f is an orbit
equivalence,
{f(α(t)) | t ∈ R} = {β(t) | t ∈ R}
Now for all t ∈ R, β(t) = E(tq) and
f(α(t)) = (θ ◦ α)(t)(E ◦ S ◦ α)(t) = E(tp+ S ◦ α(t)).
Since f is a homeomorphism, θ is an isomorphism. Hence θ(α) 6= 0, i.e. p 6= 0.
By applying Lemma 3 we see that p = cq for some nonzero c. Therefore for some
c 6= 0, θ(α(t)) = β(ct), ∀t ∈ R. This proves the theorem.
Proof of Theorem 3 : Let f be a topological conjugacy between the in-
duced translation flows. Suppose f = c θ (E ◦ S), where c, θ and S are as in
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Lemma 1. Since f is a homeomorphism, θ is an isomorphism. We claim that θ
is an algebraic conjugacy between (G, ρ) and (H, σ). To see this fix any γ ∈ Γ.
Define x0 ∈ G , y0 ∈ H by
ρ(γ)(x) = x0x , σ(γ)(y) = y0y ∀x ∈ G, y ∈ H.
Then for all x ∈ G,
f(x0x) = c θ(x0x)(E ◦ S)(x0x) = c1 θ(x)(E ◦ S1)(x),
where c1 = c θ(x0)(E ◦ S) (x0) , S1(x) = S(x0x)− S(x0). Also for all x ∈ G,
y0f(x) = c2 θ(x)(E ◦ S)(x),
where c2 = c θ(x0). From the uniqueness part of Lemma 1 it follows that S1 = S
i.e.
S(x0x) = S(x) + S(x0), ∀x ∈ G.
Putting x = x0, x
2
0, . . . and using the above recursion relation we obtain
S(xn0 ) = nS(x0), ∀n ∈ Z
+.
Since the left hand side is contained in the image of S, which is compact, it follows
that S(x0) = 0. Since c1 = c2, this implies θ(x0) = y0. Hence θ ◦ ρ(γ) = σ(γ) ◦ θ.
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